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PHILIPPE DI FRANCESCO AND RINAT KEDEM 

Abstract. We prove a conjecture of Kontsevich regarding the solutions of rank two 
recursion relations for non-commutative variables which, in the commutative case, re- 
duce to rank two cluster algebras of afRne type. The conjecture states that solutions 
are positive Laurent polynomials in the initial cluster variables. We prove this by use 
of a non-commutative version of the path models which we used for the commutative 
case. 



1. Introduction 

Let F = C{x,y) denote the skew field of rational functions in the non-commutative 
variables x and y. Given any a G Z, Kontsevich introduced the following transformation 
on F^: 

(1.1) T„ : ^ 



X \ I xyx 

y) ^ \{l + y'')x-\ 

which preserves the commutator C = xyx~^y~^. 

Let yi C F be the algebra generated by the entries of all vectors obtained from 

iterations of the map TcTb (with c,b E Z), acting on the vector ( ^ ) • Kontsevich made 



the following conjecture: 



Conjecture 1.1. [8J For any h,c E Z>o, the entries of the vector (TcTf,)'^ 

m > 0, are non- commutative Laurent polynomials in x and y with non-negative integer 
coefficients. 

That is, the generators of A are positive Laurent polynomials. 

This conjecture is analogous to the similar conjecture |6| for rank 2 cluster algebras, in 
the commutative limit, C = 1. Although it is not quite clear what a "good" definition of a 
noncommutative cluster algebra should be in general, the equation (11. ip can be thought 
of an example of the mutations of the cluster variables in a rank 2 non- commutative 
cluster algebra. 

In the commutative case |9J, we introduced a method [1] which guarantees Laurent 
positivity, valid for the integrable cases of rank 2 cluster algebras, corresponding to a rank 
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2 affine Cartan matrix (that is, be = 4). This was done by writing exphcit expressions 
for the cluster variables in terms of path models on weighted graphs. Equivalently, the 
generating function for cluster variables is a finite continued fraction with a manifestly 
positive expansion. 

The case of affine Ai is also the simplest example of a Q-system cluster algebra 
The path formulation can be generalized to the higher rank Q-systems [31 H]. A non- 
commutative version of the Q-system cluster algebra is given by the so-called T-system. 
In [5], we found the solutions of the Ar T-system using the same path models, but with 
non-commutative weights. In this case, the non-commutative mutation relations are 
such that their matrix elements are the T-system equations, and the matrix elements 
of the non-commutative cluster variables are the T-system solutions. This is therefore 
another candidate for a non-commutative cluster algebra, of higher rank. 

At rank 2, the Kontsevich evolution and the non- commutative Q-system relations are 
candidates for non-commutative cluster algebra mutations. Both can actually be ob- 
tained as different specializations of a more general evolution equation. We remark that 
the non- commutative Q-system is distinct from the quantum cluster algebras defined by 
[Ij. which is obtained as a specialization of the Kontsevich evolution, by setting C = q 
to be a central element. 

In this paper, we prove the conjecture of Kontsevich in the cases where it generalizes 
the integrable rank 2 cluster algebras, that is, the values of b, c are obtained from an affine 
Cartan matrix. We again use the path models introduced in [3] with non-commutative 
weights. 
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is supported by NSF grant DMS-0802511. This research was hosted by the Mathemath- 
isches Forschungsingstitut Oberwolfach and by the IPhT at CEA/Saclay. We thank 
these institutes for their support. 



2.1. Path models for the afRne rank 2 cluster algebras. Let us review briefly our 
solution for the rank 2 affine cluster algebras in the commutative case |6]. For the full 
details we refer to [!]• 

Let 5" be the field of rational functions in the two commuting formal variables x, y 
with rational coefficients. We consider the subring of 5" generated by the variables -R„, 
where i?„ satisfy the recursion relations 



2. Preliminaries 



(2.1) 




n odd; 
n even. 
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with initial conditions (i?o,-Ri) = (yX,y). This is the cluster algebra of rank 2 corre- 
sponding to the exchange matrix 



with 6, c > 0. 

Some of these cluster algebras were studied in P [2], where, in particular, Laurent 
positivity was proven for the cases be < 4 and = c in general. We are interested here 
in the integrable cases of the discrete evolution equations (12. ip . that is, the following 
cases: (i) (6, c) = (2,2), (ii) (&, c) = (1,4) and (iii) (&, c) = (4,1). Each of these cases 
corresponds to an affine Dynkin diagram of rank 2, and each is integrable. These cases 
were studied in [9J. 

We may write a map : 5"^ — > 3^ as 



Then for th compound transformation = TcTb we have fi"^{Ro,Ri) = {R2m, R2m+i), 
so there is a translational property, fi"^{R2n, R2n+i) = {R2{m+n) , R2{m+n)+i) ■ Therefore 
to get an expression for Rn in terms of any initial data {Rm, Rm+i), we need only find 
it in terms of two sets of initial data, say, (i?o, Ri) and (i?i, R2). If 6 = c we need only 
consider the first set of data because of the additional symmetry. 

The path model solution of the system goes as follows. Define the generating function 
for the cluster variables as follows: 



We write explicit expressions for F{t) in each case, which make manifest the property 
that the coefficients of are positive Laurent polynomials in any seed cluster data. One 
can then use the symmetries of these systems to express all other cluster variables (for 
negative values of n and for odd/even values of n in the cases (ii) and (iii)) in terms of 
the coefficients of F{t). The expressions are always such that if the coefficients of F{t) 
are positive Laurent polynomials, so are the remaining cluster variables. 

One way of computing the generating function F{t) is by expressing it as the partition 
function of weighted paths on a graph. If the weights are positive Laurent polynomials 
in some initial seed data, then so are the coefficients of in F{t), and hence the cluster 
variables. 

For a given graph with vertices connected by edges, we assign a weight Wij two 
vertices) associated to the edge connecting vertex i to vertex j. In general, we do not 
require that Wij is equal to wji. The weight of a path from vertex i to vertex j is the 
product of all the weights along the edges traversed by the path, and its length is the 
number of steps traversed. The partition function of paths from vertex a to vertex b is 
the sum over all paths from vertex a to vertex b of the weights of the paths. 



(2.2) 





(2.3) 




4 



PHILIPPE DI FRANCESCO AND RINAT KEDEM 



°6 





Figure 1 . Weighted paths on the barbell graph G generate i?„ for the cluster 
algebras (1,4) and (4, 1). We have represented the 4 paths of length 3 on G, 
from the vertex to itself, with respective weights yf, yiy2, 2/22/1 and y^y2- 

One can use the following presentations for the generating functions F{t) in terms of 
path partition functions. 

• (6, c) = (2, 2): Consider the graph composed of 4 vertices, labeled 0, 1, 2, 3, with 
edges connecting vertices i and i + We assign a weight Wij to a step from i to j 
along each edge, when such an edge exists. The weights are Wj^j+i = 1, = 
ti/i, where 

yi = RiRq , y2 = Ri Rq , ys = Ri Ro- 
Note that these weights are positive Laurent monomials in the initial data Rq,Ri. 

Then one can show that F(t)RQ^ is equal to the partition function of paths 
from vertex to itself on this weighted graph. Since each weight is a positive 
Laurent monomial in the initial data, so is each coefficient of in the partition 
function, which represents paths of length 2n. 

An equivalent statement is that the generating function F{t) is the following 
finite continued fraction: 



i-t 



yi 



i-t- 



We remark that a key fact which enables us to prove these formulas for the 
solution is the existence of an integral of motion, K = yi+y2 + y3, and also that 
y^yi = 1. K is invariant under T2, namely under Rn ^— Rn+i for all n. 
(6, c) = (1,4): Let G be the barbell graph, with vertices and 1 connected by an 
edge, and each vertex connected to itself by a loop. See Figure [H We consider 
paths on this graph from node to itself of length n. We place a weight on each 
oriented edge. A path step from i to j contributes a weight Wij, so that a step 
from 1 to 1 around the loop connected to it contributes weight Wi 1. We choose 
wo,o = tyi, wo,i = t, wi^i = tys, wi^ = ty2, where 

1 + Ri Rt, + (1 + Rif 



yi 



Rn 



y2 



RqRi 



1/3 



Rl + l + Ri 



RqRi 
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This time, the weights are not monomials, but they are positive Laurent polyno- 
mials. Paths on this graph therefore all have weights which are positive Laurent 
polynomials. Explicitly, the generating function for i?2n in terms of the cluster 
seed {Rq, Ri) is obtained from the expansion in t of the finite continued fraction 

l-tyi- t^y2TZt^^ 

The odd cluster variables are obtained from the relation R2nR2n-2 ~ 1 = R2n-i- 
One can show that 1 is a term in the Laurent polynomial R2nR2n-2 so that R2n-i 
is positive. We note here that we have a conserved quantity, K = yi + ys, and 
that yiy^ — y2 = 1. K is left invariant under the compound mutation /x, i.e. 
under i?„ \—>- Rn+2 for all n. 

Positivity with respect to the initial data R2) follows from the solution to 
the problem with (6, c) = (4, 1), due to the symmetry between the two systems. 
• (&, c) = (4,1): Here, we use the same graph, but replace the weights with 
y'^{Ro,Ri) = y^^aiRi, Rq)- The generating function for odd cluster variables is 
the partition function on this graph of paths from node 1 to itself. Even cluster 
variables are obtained from the equation i?2n+i-R2n-i — 1 = R2n, and can again 
be shown to be positive. The conserved quantity is K' = y[ + y'^, and we also 
have y'^y[ -y'^ = l. 

We will show below that each of these results generalizes to the non-commutative 
case. We will have more conserved quantities in the non- commutative case, due to the 
fact that the commutator C 7^ 1, and is not, in fact, central. Thus, C itself will be a 
conserved quantity. 

2.2. A rank 2 non commutative cluster algebra. We consider now the evolution 
fll.ip . Define C = xyx~^y~^ and let Rq = Cx and Ri = y. Given a pair 6, c > 0, define 

{Rn}nez>o by 

CRn\ _ I CRn+l 
^Rn+1 J \ Rn+2 

where a = 6 if n is even and a = c if n is odd. That is, 

l + R^ nodd; 
1 + -R^, n even. 



T 



(2.4) 



Clearly, this defines i?„ for negative values of n as well. 
The expression for the commutator, 

(2.5) C = R^^iRnRn+lRfi^, 

allows us to interpret it as a conserved quantity of the discrete evolution T^, because its 
value is independent of n. In fact, one can check that, generally, any recursion relation 
of the form 

(2.6) 

Rn Rn—1 fni^Rn) 
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has C as a conserved quantity. Equation (12. 4p is a special case of this. 
Note also that Eq. (12. 5p implies a quasi-commutation relation 

(2.7) Rn+lCRn = RnRn+1- 

If C = 1, that is, if x and y commute, we recover the rank 2 cluster algebra of tj^e 
(6,c). 

Similarly, if we write C = g, a central element, then Eq. (I2.7P turns into the quantum 
commutation relation RnRn+i = qRn+iRn, and we recover the rank 2 quantum cluster 
algebra of [Ij. 

Therefore we call the transformation (II. ip a mutation and the ring A a non- commutative 
cluster algebra of rank 2. In general, the Laurent property is not proven for this algebra 
except in special cases. For example, in the case where B is obtained from the Dynkin 
diagram of finite type A2, B2 or G2, one can check that the cluster algebra is finite, up to 
conjugation by C, with the same period as in the commutative case. In those cases, the 
cluster variables are positive Laurent polynomials with coefficients which are either or 
\. In the case where B is obtained from the Dynkin diagram of affine Ai, the Laurent 
property has been proved by Usnich, but not the positivity [8j. 

In this paper we do not attempt a general proof of Conjecture 11.11 but we generalize 
our proof for the commutative integrable (affine Dynkin diagram) cluster algebras of rank 
2. We show that the path models of Ref. [1| have a simple non-commutative analogue. 
We therefore get an explicit expression for all cluster variables This allows us to 
prove the Laurent property and positivity for those cases. 

What distinguishes these cases is that the transformation (12.41) is integrable. That is, 
in each case, there exist two Laurent polynomials (one of them being the commutator 
C) in the variables Rn,Rn+i, which are invariant under (12.40 . The generating function 
for the cluster variables can be expressed in all finite continued fraction in any 

cluster seed variables. This can be interpreted as a generating function for paths with 
non-commutative weights. 

2.3. Symmetries. The evolution equations (12. 4p determine all Rn for n G Z uniquely 
in terms of the initial data CRq = x and Ri = y. 

One may relate the solutions of the (c, b) system to those of the (6, c) system by use 
of the translational symmetry. Let us denote by fn''^\x,y) the solution Rn of (12.41) 
expressed in terms of its initial data CRq = x and Ri = y. Let us also denote by 
gn''^\x, Y) the solution _R„ of (12. 4p expressed in terms the data CRi = X, R2 = Y. 

Lemma 2.1. For all n E 7^, we have: 

fi'^'\x,y)=gi^:^l{x,y), n e Z. 

Thus, solutions of the (c, b) system are given by those of the (6, c) system. 
Moreover, one can relate the solution for n < to that for n > 0. Define an anti- 
automorphism * on F by 

(2.8) X I— > X* = yC = yxyx^^y~^ , y ^ y* = C^^x = yxy~^. 
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This is clearly an involution. In particular, we have C* = C , R\ = Rq and Rq = Ri. 

Let Rn = fn'^\x,y) be a solution of the (6, c)-system, and Sn = Rl-n- Changing 
n ^ 1 — n in (12 .4^ and applying *, we see that Sn satisfies the (c, 6)-system. Since 

So = Rl = Ro, so that CSq = x, and Si = Rq = Ri = y, we have that Sn = fn'^\x, y). 
Therefore, 

(2.9) /l?(x,y)=(/i';?(a:,y))*. 

Note that the anti-automorphism * (12.81) sends positive Laurent monomials of x, y to 
positive Laurent monomials of x, y. 

To summarize, the symmetries assure us that, in the case 6 = c = 2, it is sufficient 
to prove that Rn is a positive Laurent polynomial of x,y for n > 0. For (6, c) = (1,4), 
we may restrict our attention to n > but we must find Rn as a function of both 
{x,y) = {CRo,Ri) and {X,Y) = (Ci?i,i?2)- For (6, c) = (4,1), the solutions will be 
expressed in terms of those of (1,4). In all cases, the expressions for n < follow from 
equation (12. 9p . 

3. The non-commutative cluster algebra in the case b = c = 2 

3.1. Conserved quantities and linear recursions. The non-commutative (2,2)- 
system 

(3.1) Rn+lCRn-l = {Rnf + ^ 

is a discrete integrable equation in the sense that it has a conserved quantity in addition 
to the commutator C (12. 5p . 

Lemma 3.1. The polynomial in the solutions Rn of the (2, 2) system (12.41) K = R~^^Rn+ 
R^liR~^ + Rn+iRn^ is independent of n. 

Proof. Define 

(3.2) Kn = R~^{Rn+lC + Rn-l), Ln = {Rn+1 + CRn-l)Rn'^ ■ 

Then Kn = L„ as a consequence of the first conservation law, upon substituting C = 
Rn+iRnRn+iRn^ into the exprcssiou for Kn and C = R~^ Rn-iRnRn-i ii^to that for L„. 
Subtracting Equation (13. ip for n from that for n + 1, 

= {Rn+2CRn — Rn+l) ~ (Rn+lC Rn-1 — Rn) = Rn+l{Kn+l — Ln)Rn 

So we deduce that Kn = K is independent of n. □ 

Substituting L„ = Kn = K into (13. 2p . we have 

Lemma 3.2. There exist two linear recursion relations with constant coefficients satis- 
fied by the solutions of (12. 4p .- 

(3.3) Rn+lC + Rn~l = RnK 

(3.4) Rn+l+CRn-l = KRn 
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These two recursion relations are equivalent modulo the first conserved quantity. 

3.2. Paths with noncommutative weights and positivity. Define a generating 
function for the variables i?„ with n > 0, 

n>0 

Theorem 3.3. 

(3.5) F{t) = (l - t (1 - t(l - tys)-'y2y' yi) ' Ro, 
where the "weights" yi are defined as 

(3.6) yi = R,R^\ 1/2 = Ri'Ro\ 1/3 = Ri'Ro- 
Proof. Using Equation (13.41) . 

F{t) = {l-tK + t^Cy\Ro - t{KRo - Ri)) 

Noting that K = RiR^^ + R^^R^^ + R^^Rq = yi + y2 + yz, K - R^R^^ = y2 + l/s, and 
C = y-m, we have 

F{t) = (l-t(yi+y2 + l/3)+tW)"'(l-%2+Z/3))i?0 

= (1 - t{l - t{y2 + y3))-\l - ty;)y,y' Ro 

= {l-t{l-t{l-tys)-'y2y\iy' Ro 

and the Theorem follows. □ 

This expression for F{t) is to be considered as a power series in t with coefficients 
which are words in the non-commutative variables yi,y2,y3- Substituting 

(3.7) yi = y'^x'^y'^, y2 = x~^y~^, y^ = xy~\ Rq = yxy~^ 
into (13.51) . we deduce 

Corollary 3.4. For alln > 0, the solution R^ of Equation (13.11) is a Laurent polynomial 
of X, y (with X = CRq and y = Ri) with only non-negative integer coefficients. 

From the discussion of the previous section, the same is true for i?„ with n < 0. 
We can use Equation (13.51) to interpret Rn as a partition function for paths with 
non-commuting weights. 

Theorem 3.5. For all n>Q, the quantity RnR^^ , where Rn is the solution \3.1l is the 
partition function for paths along the segment [0, 3] starting and ending at with 2n 
steps, with a weight 1 per step i —>■ i + 1 and yi per step z — >• i — 1 given by (13.71) . the 
total (non-commutative) weight of each path being the product from left to right of the 
step weights in the order in which they are visited. 
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Figure 2. The five paths on [0, 3] of length 6, from 0^0. 



Proof. The continued fraction F{t)RQ of Theorem 13.31 may be computed by the follow- 



mg recursion: 



Fa 
-1 



tFk+mY^ (A; =1,2,3) 



(1 
1 

F{t)R-,' = F, 

To get the series in t, we have to expand each intermediate step as: 

n>0 

Using this as an induction step, it allows to interpret F^ as the partition for paths on 
[k — 1,3], from and to (A; — 1), with weight 1 per step z — > z + 1 and tyi per step i ^ i — 
This is clearly true for F4 = 1, the partition function for the trivial path from 3-^3 
on the set {3}, with zero step. For intermediate /c's, we simply decompose paths on 
[A; — 1, 3] from k — 1 k — 1 into segments delimited by the ascending steps k — 1 ^ k 
and the next descending step k —>■ k — 1, the former receiving the weight 1 the latter the 
weight ty^. In-between any two such steps, the path only explores the segment [k,3], 
with the partition function F^^i. Finally, the weights are multiplied in the same order 
in which the steps are taken, and the Theorem follows. □ 

Example 3.6. For n = 3, the five paths on [0, 3] with 6 steps from 0—^0 are depicted in 



Figure\^ and contribute respectively to (with weight yi per descending step i 

R3 = iyi+yiy2yi + y2yl + yjyi + y3y2yi)Ro 



yx 



-1 2 —1 —1 
+ y X y X 



^ + X ^yx ^ + X ^y ^x ^ 



xy ^x 



(^((1 + y^)x-'Y + = {Rl + 1)RYC 



An alternative formulation uses the following transfer matrix, with non-commutative 
entries indexed by 0, 1, 2, 3: 

1 


ty2 




(3.8) 



T 



/O 

tyi 








1 




1 


tys 0/ 

The matrix element Tij is nothing but the non-commutative weight of the step i ^ j 
of the above paths. Consequently, (T"-)ij is the partition function for paths of n steps, 
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from i to j. The partition function for paths from — is therefore 

oo 

W = (Et")„„=((/-t)-) 

n=0 

There is a direct hnk between this formulation and the continued fraction expression 
f l3.5p . The latter is obtained by Gaussian elimination of the matrix / — T, by allowing 
only multiplication from the left and addition of rows (left multiplication by an upper 
triangular matrix), resulting in a lower triangular matrix. F(t)i?Q^ is then computed 
as the inverse of the first diagonal element in the resulting matrix, leading to equation 
(I331). 

Both formulations display explicitly the positivity of Rn as a Laurent polynomial of 
X, y. We have 

Theorem 3.7. For any ri G Z, the solution Rn of (13. ip is a Laurent polynomial of x,y 
with non-negative integer coefficients G {0, 1}. Each Laurent monomial in the expression 
for Rn corresponds to the weight of a single path on the segment [0, 3] with weights as in 
Theorem \3.5[ 

Proof. The expression for ri > 0, as the path partition function of Theorem 13.51 
times i?o is a manifestly positive Laurent polynomial of x,y. From (12. 9p . we deduce the 
positive Laurent polynomiality for all tt, G Z. 

Moreover, as the weights yi all have the form they do not commute with 

each-other. Each path contributes an ordered product of such weights from left to 
right, which is encoded in the succession of down steps (taken towards the origin) along 
the path. This gives a bijection between the paths contributing to Rn and their total 
weights, which therefore occur exactly once in the expression of RnR^^- The last part 
of the Theorem follows. □ 

4. The cases (6, c) = (1,4) and (4,1). 
The non-commutative (1,4) recursion relations (12. 4p can be written as: 

R2nCR2n-2 = 1 + R2n-1 

(4.1) R2n+lCR2n-l = 1 + (-R2n)'* 

As explained in Section [531 we consider two different sets of initial conditions: {x,y) = 
{CRo,Ri), where 

(4.2) Ro = yxy-\ Ri = y 
and (X,r) = (Ci?i,i?2), where 

(4.3) Ri = YXY-\ R2 = Y 

We proceed as in [1]. Define Un = R2n, then odd index variables can be eliminated: 

R2n+1 = Un+lCUn — 1 
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The variables m„ satisfy 

(4.4) {Un+2CUn+l - l)C(n„+iCM„ - 1) = 1 + M^+i- 

The initial data corresponding to (14. 2p becomes 

(4.5) uo = yxy~^, ui = (1 + ?/)x"\ 
whereas that corresponding to (14. 3 p becomes 

(4.6) Uo = XY-^X-^Y{1 + X)Y-\ ui = Y. 

4.1. Conserved quantities and linear recursions. We use the following expressions 
for the commutator C, expressed as a function of m„ : 



(4.7) C = U^l^{Un+lCUn - l)Un+liUn+iCUn - 1) ^ 

(4.8) C = {Un+lCUn - iy^Un{Un+lCUn - 1)m^^ 

The first expression is obtained from C = i?2^_^_2-R2n+i-R2n+2-R2n+i' second from 

C = R2n+1^2nR2n+lR2n ■ 

Starting from equation (14. 4p . let us substitute 14. 71 for the term C in the center of the 
left hand side, 

or 

Un+2C{Un+lCUn - 1) = M^+i + 

We conclude that 

(4.9) Un+2C = (m^+1 + CUn) (m„+iCm„ - 1)"^ 

By Eq. (l4.8p . we also have 

(4.10) {Un+iCUn - l)C = UnUn+lC - 1 

which is a quasi-commutation relation between Un and Un+i'- 

(4.11) Un+lCUn = UnUn+l + l-C'^. 

This is to be compared with equation (12.71) of the case 6 = c = 2 above. 

We can now prove the integrability of the evolution (14. 4p . by finding its conserved 
quantity. 

Lemma 4.1. The function 

(4.12) K = {{CUnf + {Un+lf){Un+lCUn - 1)"' 

is independent of n. 
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Proof. Let 

Kn = M~+i(m„+2C + Un) 

Using (HD, 

(4.13) K„ = {{CUr^f + iu^+lf)iUn+lCUn - l)'' 

To prove that Kn is independent of n, we compute 

(4.14) Kn - Kn-l = {{CUnf + (Un+lf) (m„+iCm„ - 1)"^ - <^(m„+iC + M„_i) 

We first need to move the factor {un+iCun — 1)^^ to the left of the first term. To do so, 
note that (14. Sp . imphes that for all m > 

{CUnr{Un+lCUn " 1)"' = {Un+lCUn " l)''(Un)'", 

and (14.71) . implies that for all m > 

{Un+iriUn+lCUn - 1)'^ = (Un+lCu„ - 1)"^ (n„+iC)™. 

Applying this to the first term in (jHHj): 

Kn - Kn-l = {Un+lCUn - 1)""^((m„)^ + (m„+iC)^ - (m„+iCm„ - l)Un^ {Un+lC + Un-l)) 
= {Un+lCUn - l)~'^Un'^ ((m„)^ + Un+lC - (m„M„+iC - l)Un-l) 

Substituting Eq. (14.101) in the last term, 

Kn - Kn-l = {Un+lCUn - 1)"^^^;^^ {{Unf + - {Un+lCUn - l)Cu„_i) 

= {Un+lCUn - 1)"^^;;;^ + CUn-l - Un+lC {UnCUn-l - 1)) 

= 

as a consequence of 14.91 The lemma follows. □ 

By the definition (14.131) of Kn, we deduce: 

Theorem 4.2. The solution Un to the system (14. 4p satisfies the following linear recursion 
relations with constant coefficients: 

(4.15) Un+2C - Un+lK + Un = 0, 

(4.16) Un+2 - KUn+l + Cu„ = 0, 

where 

(4.17) C = xyx-^y-^, K = {x^ + {{I + y)x-^Y)y-^ 
in the case of the initial data {x,y) as in ( 14. Sp . or 

(4.18) C = XYX-^Y-\ K = {Y^+{{1+X)Y-^Y)YX-^Y-^ 
in the case of the initial data {X,Y) as in (14.60 . 
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Proof. The first relation follows from the definition of K = Kn f l4.13p . The second 
follows from the first and from the quasi-commutation relation (14. lip . 

= {1 - c-^) - {1 - c-^) = 

Substituting the initial values (14. 50 - (14. 6p into the expressions for the conserved quantities 
C and K leads to dUTD-dHH]). □ 

4.2. (x,y) initial data: Paths with noncommutative weights and positivity. 

As in Section [372| we introduce the generating function F{t) = Xln>o^"^"-' 
second linear recursion relation of Theorem 14.21 to compute F explicitly. 

Theorem 4.3. The generating function F{t) has the following non- commutative (finite) 
continued fraction expression: 

(4.19) F{t) = {l-ty,-t\l-ty,)-%y\o, 

where 

yi = UiUq^ = {l + y)x~'^yx-^y-^, 

y2 = {K- yi)yi - C = (x^ + {1 + y)x-\l + y))y-^x-^yx-^y-\ 
ys = K -yi= (^x^ + {l + y)x-^^x-^y-\ 
and Uq = yxy~^. 

Proof. The recursion relation (14.160 implies 

F{t) = {1-tK + t^C)-\l-t{K -uiUo^))uo 

= (1 - t{yi + ys) + t^y^yi - 1/2))"' (l - ty^juo 
= il-tyi-t\l~ty3)-%))-^Uo 
where we have substituted yi = MiMq \ y^ = K — yi, and ?/2 = I/3Z/1 — C. □ 

Corollary 4.4. For all n > 0, the solution Un of the system ( [^.^[]^.5| j is a Laurent 
polynomial of x, y with only non-negative integer coefficients. 

As in Section 13. 2^ the continued fraction expression (14.190 allows to interpret Rn as a 
path partition function for all > 0. The new feature is that the paths involved here 
will be Motzkin paths of height 1. That is, they are paths on the strip of delimited 
hj y = and y = I, with steps (x, y) {x + 1,1 — y) or (x, ?/) — > (x + 1, y). These are 
in bijection with paths on the graph G of Figure [H if we consider horizontal steps at 
height y to be steps around the loop connecting vertex y to itself, and diagonal steps to 
up/down steps along the edge connecting vertex and 1. The Motzkin paths of length 
3 are represented in Figured] for illustration. 
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Theorem 4.5. For all n G Z>o, the partition function for Motzkin paths of 

height 1, from (0, 0) to (n, 0), with weights yi per horizontal step at height 0, weight 1 for 
an upward step, weighty2 per downward step and weight per horizontal step at height 
1, with yi as in equation (14.191) . 

Notice that formally, these are precisely the paths of length n on the weighted graph 
G in Figure [H 

Proof. The expansion of the continued fraction F fl4.19p in powers of t may be again 
decomposed into two steps: 

Fi = {l-ty,)-^ 

F = {l-ty^-t{F,){ty2)Vu^ 

We may now interpret Fi as the partition function for paths on {1} made of consecutive 
steps 1 — i> 1 (each receiving the weight ty^). As to F, it generates paths on [0, 1] from 
to 0, made of any shuffle of steps 0^0 (with weight tyi) and segments made of one 
step 0^1 (weight t) followed by any number of steps 1^1 (weight Fi) and then one 
step 1^0 (weight ty2). The Theorem follows. □ 

Alternatively, we may express the partition function UnUQ by means of the path 

transfer matrix T = (^^ ^ ] with entries indexed 0, 1, resulting in: 
V2/2 2/3/ 

(4.20) Unu^' = (T")o,o 

Example 4.6. For n = 2 we have 
U2Uq^ = {uf + Cuq){uiCuq - ly^C'^UQ^ = (x + ((1 + y)x''^f)xy'^x''^yx'^y~^ 
= 2/1+2/2 

by using the explicit values 0/2/172/2 from equation fl4.19p . This is the contribution of 
the two Motzkin paths of length 2 on [0, 1] starting and ending at 0, namely — ^ 
(weight yf) and 0—^1^0 (weight 1 x y2). 

Let us now turn to the remaining variables R2n+i = Un+iCun — 1 = UnUn+i — C~^. 
From the Laurent positivity result for m„, it is easy to deduce that of R2n+i- We simply 
have to show that the term C^^ occurs at least once in the product UnUn+i- We have 

Lemma 4.7. For n > 1, the expression of UnUn+i as a Laurent polynomial of x,y 
contains the term C~^. 

Proof. Using the path interpretation above, let us show that the contribution to UnUn+i 
of a particular pair (mi, m2) of Motzkin paths on [0, 1] of lengths n and n + 1 respectively 
also contains the term C~^. For mi we take the flat motzkin path of length n: — >■ 
—* ■ ■ ■ (with weight ?/") and for m2 the "maximal" Motzkin path of length 
n + 1: 0—s>l^l— s>l—s>0 (with weight 2/32/2)- We are left with the task 
of proving that 2/r""o2/3 2/2^0, when expressed as a Laurent polynomial of x,y, contains 
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the term C^^ = yxy^^x^^. In view of the exphcit values of yi,y2,y3 (I4.19p . let us 
only retain one term in each weight, namely iji instead of yi, with iji = yx~^yx~^y~^, 
y2 = x^y~^x~^yx~^y~^ and y^ = x^y~^. We find easily that 

iyiTuoiy3T'^y2Uo = yx~^{yx~'^Y~^yx~^y~^ yxy^^ {x^y'^y-^x^y-^x-^yx'^y-^ yxy'^ 
= yxy~^x~^ = 

and the Lemma follows. □ 



We summarize the results of this section with the following 

Theorem 4.8. For all n > 0, the solution Rn to the system lji4-^4-^ o Laurent 
polynomial ofx,y with only non-negative integer coefficients. 

4.3. (X,Y) initial data: Paths with noncommutative weights and positivity. 

Let us now re-express the generating function for m„ in terms of X, F . More precisely, 
let us compute the new generating function G{t) = J2n>o^"^'^n+i- We have the following 

Theorem 4.9. The generating function G has the following continued fraction form: 

G{t)= (l-ty[-t\l-ty'^)-^y'^'\^, 

where 

y[ = K-y'^ = K-Gu,u-,^ = {Y^ + {l + X)Y~^)X-^Y-\ 

y'2 = yWi-c = {Y + {i + x)Y~'ii + x)Y-')x-'Y-\ 

y', = Cuoui' = {l + X)Y-^, 
where Ui = Y. 



Proof. Starting from the expression for F{t) of Theorem 14. 3[ we compute G{t) = {F(t) — 
Uo)/t: 

G{t) = -{{l-tK + t^C)-\l-t{K-UiUo^))-l)uo 

= il-tK + t'^Gy\uiUo^ - tC)uo = {l-tK + t'^C)-\l - tCuou^^)ui 
= (1 - t{y[ + y',) + t'iyWi - y'jy'i^ " ty>i 

(4.21) = (^l-ty[-t\l-ty',)-W2y\i 

and the Theorem follows. □ 

Note that the path interpretation of the Theorem 14.51 still holds for G, but with the 
new weights y[, y2, y'^ and ui instead of uq. Noting moreover that the weights y[, y'2, y'^, ui 
of equation fl4.2ip are all positive Laurent polynomials of X, Y, we deduce: 

Corollary 4.10. For all n > 1, the solution Un to the system ^.4 4-6\ l O' Laurent 
polynomial ofX,Y with only non-negative integer coefficients. 
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We now turn to the remaining variables R2n+i = UnUn+i — C^^. We may repeat the 
analysis of Lemma W77\ in terms of the variables X, Y, by use of Theorem 14.91 The result 
is 

Lemma 4.11. The solution R2n+i to the system ^4-^4-^ has a positive Laurent poly- 
nomial expression in terms ofX,Y. 

Proof. We must show that contains at least once the term C'^. We repeat 

the analysis in the proof of Lemma 14.71 using the continued fraction of Theorem 14.91 
We pick the contribution of the same two paths to UnUn+i, but we now retain in the 
weights only the terms y[ = Y^X-^Y-\ y'^ = XY-^XY-^X-^Y-^ and g = XF'^. 
The contribution is then easily computed to be 

{y'lTuiiy'^y-^y'^ui = Y{Y^X-^y^Y-^Y{XY-y'-^XY-^XY-^X-^Y-^Y 
= YXY-^X-^ = C-^ 

So the subtracted expression R2n+i = UnUn+i — C^^ is a positive Laurent polynomial of 
X,Y. □ 

We summarize the results of this section with the following 

Theorem 4.12. For all n > 0, the solution Rn to the system is a Laurent 

polynomial ofX,Y with only non-negative integer coefficients. 

4.4. Main theorem and the case {b, c) = (4, 1). We conclude with our main theorem: 

Theorem 4.13. For all n G Z, the solution Rn of the system (14.11) for {b,c) = (1,4), 
with respectively initial data {x, y) (14.21) and initial data {X, Y) (14.31) is a positive Laurent 
polynomial of respectively x, y and X, Y, with only non-negative integer coefficients. The 
same holds for the system with (6, c) = (4, 1) as well. 

Proof. By Theorems 14 . 8 1 and 14 . 1 2 [ we deduce that both fn''^\x,y) and gn'^\x,Y) (de- 
fined in Section 12.31) are positive Laurent polynomials for all n > 0. By Theorem 12. H 
we deduce that f^_l^i{x,y) = gn'^\x,y) and g^^i{X,Y) = fn''^\x,Y) are also pos- 
itive Laurent polynomials for all n > 0. Finally, by Equation (12.91) . we deduce that 

both f'^n\x,y) = (^fn+\\x,y)^ and f^^n\x,y) = (^fiY^{x,y)^ are positive Laurent 
polynomials for all n > 0. We then apply again Theorem 12.11 to conclude that both 
gt^\x, Y) = ft'liiX, Y) and ^[^'^(X, Y) = ft%iX, Y) are positive Laurent polyno- 
mials for all n > 0. The Theorem follows. □ 
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